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THE FINE STRUCTURE OF TRANSLATION FUNCTORS 


KAREN GUNZL 


Abstract. Let I? be a simple finite dimensional representation of a 
semisimple Lie algebra with extremal weight v and let 0 ^ e € E„. Let 
M(t ) be the Verma module with highest weight t and 0 ^ v T G M(t) t . 
We investigate the projection of e 0 v T € E ® M(t) on the central 
character x( T + u )- This is a rational function in r and we calculate 
its poles and zeros. We then apply this result in order to compare 
translation functors. 
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1. Introduction 

Let k be a field of characteristic zero and let 0 be a split semisimple Lie 
algebra over k. Then h C b C 0 denote a Cartan and a Borel subalgebra, 
il = 11(0) the universal enveloping algebra and 3 C it its center. We set 
R + C R C t}* to be the roots of b and of 0 . Let n (resp. n“) be the sum of 
the positive (negative) weight spaces and denote by P + C P C f)* the set 
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of dominant and the lattice of integral weights respectively. Let W be the 
Weyl group. 

A g-module M is called 3- finite , if dimfc(3m) < oo for all m G M. Every 
3-hnite module M splits under the operation of the center 3 into a direct 
sum of submodules M = ® xg Max3 ■ Here x runs over the maximal 
ideals in the center and M x G A / l 00 (x), where 

M°°(x) := {M I f or all m G M there exists n G N such that x n? n = 0}. 


We denote the projection onto the central character % by pr x : M 
By means of the Harish-Chandra homomorphism [Di, 7.4] £ : 3 - 
(normalized by z — £(z) G iln Mz G 3) we assign to each weight r G f) 


M x . 

5(f)) 

its 


central character %(r) defined by x T (z) := (£(~))( r ) Vz G 3 
Let now r £ Pbe an integral weight and denote by E := E(u) the irreducible 
finite dimensional g-module with highest weight in VW. It is known that 

M is again 3-hnite [ BG 

(xM) 


for each 3-hnite module M the tensor product E 
Corollary 2.6]. If we now tensor a module M G 


A4°°(x(t)) with E and 
then project onto the central character x( T + v), we obtain the translation 
functor 


T r+u. M °°(x(t)) —. M°°( X (t + v)) 

M ^ pr x{t+v) (E®M) 


In the present paper we investigate the hne structure of translation functors. 
Namely, take for M the Verma module M(r) := H(g) kr with its 

highest weight vector v r := 1 (g> 1 G M(r) and then identify for all r G f)*: 

M(r) ^ il(n-) 

UV T I—> U 

We set V(u) = V := E (8)il(n _ ), choose a hxed extremal weight vector 
e u G E u and define the map 

/*:*>*— V 

T ^ pr x(r+I/ )(e I/ 0 v T ) 

Here we identify pr x ( T+;y ) (e u <8> n T ) € E ® M(r) with its image in V. The 
image of the map f u is then contained in the finite dimensional i^-weight 
space (E of V, and we may thus regard f v as a map between 

varieties. In general however, f v is not a morphism. 

Let p := 1/2 Yla£R+ a denote the half sum of positive roots, a v the co-root 
of a and set 

M v := {(a, m a ) G R + x Z | — (p, a v ) < m a < —{v + p, a v )}. 

Then the set 

H u := (r G f)* | (r, a v ) = m} 

(a,m)e M v 

is a finite family of hyperplanes and therefore Zariski closed. We will show 
at first that f v is a morphism of varieties on the complement of H v U S, 
where S C f)* is a suitable Zariski closed subset of codimension > 2. More 
precisely, S consists of intersections of finitely many hyperplanes. 
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Define for all roots a £ R and for all m £ Z the polynomial function H am 
on 1 }* by 

H a ,m( r ) := (t, a v ) — m for all r € fj*. 

If we then set ^ := Il(a,m)eA^ we obtain ^ = {16 h*| 5 v (r) = 0}. 

A central result of this paper will be the following 

Theorem. There exists a morphism of varieties G : fj* — > V u , such that 
the set of zeros of G has codimension > 2 and such that G equals 5 u f u on 
V-(H v US). 

This means that the map f u has a pole of order 1 along each of the hyper¬ 
planes (r, a v ) = m with (a,m) £ Af v and outside of these hyperplanes it is 
a non-vanishing morphism of varieties except on a set of codimension > 2. 


In chapter [| we introduce the so-called triangle functions A(p,i/;x)(r) for 
integral weights p and v and x £ W. These are rational functions on [)*, 
which measure in a subtle way the relation between the two translation func¬ 
tors Tf^ +fJ, oTf +u and j'f +lJ+IJ ' by first applying them to the Verrna modules 
M (t) and M (x ■ r) and then identifying the results with M(r + v + p) and 
M(x ■ (t + v + fij) respectively. 

Bernstein defined in [|BcJ the so-called relative trace tr# for a finite di¬ 
mensional vector space E and this function is related to the special case 
A(— v, u\ Wo), where v is dominant and wq is the longest element of W. This 
is explained in Chapter ||. By Bernstein’s explicit formula for tr e we obtain 


Corollary. Let v £ P + he dominant and t £ fj* generic, i.e. (r, a v ) ^ Z 
for all a £ R. Then 




TT (t + U + P, « V ) 
(r + p, a v ) 


We remark that Kashiwara has also calculated this case [Ka, Thm. 1.9]. 

In Chapter || we calculate the triangle functions in general. Since they are 
rational functions on [)*, it suffices to determine their zeros and poles. In 
order to do this we make use of the maps f u for suitable integral weights u. 
Set now o(A) := 1 for (A, o v ) < 0 and d(A) := 0 for (A,o v ) > 0. Then we 
obtain 


Theorem. Let v, p £ P he integral weights and x £ W. Then 

\ _ TT (t, o v )" ( ^(t + u, o v )“^(r + u + /i, a v )" (v+ ^ 

^ (r, ct v }“( !/ +^) (r + u, o v )“( 1/ )(t + v + p, o v ) l5 (^) 

ct£R ' 

with xolGlR— 

for a constant c £ k x independent of t, v, p and x. 
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Without his many ideas this work would not have been possible. 
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2. Filtration of E ® M(t ) 


In the following let v E P be a fixed integral weight. Then let ... , u n be 
the multiset of weights of E = E(y ), i.e. with multiplicities, and let (ej)i<j< n 
be a basis of weight vectors of E, such that e* E E Vi and i/j < i Sj => i < j. 
Here A < p for weights A, /i E f}*, if /r — A = YlaeR+ n <* a with n a E N. 

In [BGG1] it was shown that the tensor product E (8) M(r) admits a chain 
of submodules N t := il(n~)(ej ®v T ), such that NjjNi + \ = M(t + vf). 
Using this, one can easily construct a slightly coarser filtration, namely a 
filtration such that the subquotients are each isomorphic to a direct sum 
of Verma modules with the same highest weight. In order to do this, let 
AH) M2> • • ■ ,Pm denote the set of weights of E without multiplicities and set 
dj := dim E, H . We may choose the numbering of the Vj in such a way that 


u k = A L j f° r all k with d\ + • • • -t- Uj-i 


+ dj _i < k < d\ + • • • + dj. The weight 
space E^. is then generated by precisely these e*,. Set do := 0 and define for 
1 < j < m: 


k=j 




1 Vt = 


£ 

k^>d\ -\-d 2 -\-" 'dj 


it(n )(ek<S>v T 


We obtain immediately: The chain E <g> M(t) = M\ D • • • D M m D 0 
is a filtration of submodules such that Mj/Mj + 1 = M(r +//j) and 
the summands M(t + pj) are generated by the vectors (e* ®v r )/Mj+ \ = 
pr(ej <8> v T )/Mjj-i, where e* is a vector of weight pj. 

Lemma 1. For 1 < j < m let Sj E 3 with Xr+n :j ( s j) = 0 and set Zi := 
Yl^Sj. Then for 1 < i < m we get: ZiMi = 0. 

In particular, for a weight vector e Mi E E /H we obtain 

Zi+ i(e w ® u T ) = Zi+1 Pr x( r+Mi)( e w ® w). 

Proof. The first statement follows by induction from above and since a cen¬ 
tral element z € 3 operates on the Verma module M( A) by multiplication 
with the scalar X\( z )- 

By construction of the Mj it is clear, that for e IM (8) v T E Mj its projections 
pr x ( T+/i) (e w <8> u T ) lie already in M i+i if y(r + p) ^ X ( T + ^). But e Mi <8> u T 
equals the sum of its projections and thus the second statement follows from 
the first. □ 


Note that for the extremal weight v = i/j 0 = pj 0 its weight space is of 
dimension 1. Therefore, we can always choose the numbering of the Vj such 
that i > io -<=>■ Vi > ZA 0 = v or equivalently j > jo Pj > Pj 0 = v. It 

then follows immediately that an element of M l0 = Mj 0 (of Mj 0+ 1 = Mj 0+ \ 
resp.) consists only of parts with central character Xr+n for p E P(E) with 
p > v (p > v resp.). For e v <8> v T E Mj 0 we thus obtain the following special 
case of Lemma [I] 

Lemma 2. For p E P(E) with p > v let E 3 such that Xt+^{s^) = 0 
and set z := Yl^ l>u s /x . T/ien <8) u T ) = 2 pr x ( T+ ^(e v (g> v T ). 
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3. The fine structure of E ® M(t) 

3.1. Algebraicity of f v . For u E P fixed, set E := E{v) and let f v be the 
map 

fv : b* —* V 

r ^ pr x (r +v ){ev®v T ) 

where V = V{v) := E ® il(n~) = E ® M(r) for all r € f)*. We will 
first construct a Zariski open set 7/ C b* such that f u restricted to U is a 
morphism of varieties. In this case we will also say that f v is algebraic on 
U. 

Before we go on, we need some more notation : The dot-operation of the 
Weyl group on b* has fixed point — p = — 1/2 ^2 aeR + a aR d is defined by 
w ■ A := w (A + p) — p. Let V(f]*) denote the set of polynomial functions on 
fj* and the (W-)-invariants. We define the operator 

sym : P(ff) — P(b*) W ' 

by (syms)(A) := H s(x ■ A) for all A E b*, s E Viff). 
xew 

For any p E P(E ) with p > v we now choose an element E f), h p 7 ^ 0 
and define maps : b* x fj* —> k by 

H^( A, r) := (A — t — p, h M ) for all A,r G t)*. 

If we fix r £ b*, the map : b* —*• k is then a polynomial function 

on b* and its kernel is obviously a hyperplane in b*. We then define a 
(W-)-invariant polynomial function p T , depending also on the choice of the 
elements h^, by 

Pt ■= s Y mH v-(-, T )- 

fJ,£P(E),fi>v 

By means of the Harish-Chandra isomorphism [|Di], 7.4] £ : 3 —*• T’(b*) W ', 
there exist central elements E 3, such that ^(s^) = sym For 

z T := U,>v s n we h ave C("r) = Pt- Define now the map 

U = U {K} : -* k 

t i-o- p T {r + v) 

and set U{h, t } {t E b* | u(r) 7 ^ 0} C b*- 

Lemma 3. The map f v restricted to U{h } is a morphism of varieties and 
for all t E U{t t } we have f v {r) = (ti(r )) -1 ® u T ). 

Proof. We know x T+M (s M ) = (£{s^)){t + p) = (sym H^(-,t)){t + p) = 0 
and by Lemma || we conclude ® u r ) = z r pr x / r+I/ ) (e,, ® v r ). 

Let now t E 7 ^ >, i. e. tt(r) 7^ 0 . This means, that for all u> E W and for 
all p E -P(-E) with p > v we have (w-(t + v) — t — p, h^) 7^ 0 and in particular 
rc • (r + u) 7^ t + p or equivalently y(r + u) 7^ y(r + /LtjVju E P(E),p > v. 
This implies, that already the projection pr x ^ T+u ^(e u (g> v T ) E E ® M(r) 
generates a Verma module M(r + v). A central element z operates on this 
by multiplication with the scalar (£(z))(t + u) = u(r). We therefore get 
z T (e u <8> u r ) = z T pi' x{T+ ^(e u <S> v T ) = u(r)fv(r ) and the above equation 
follows. 
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We have yet to show that f v is algebraic on U{h }. By construction of z T 
it is clear that z T depends algebraically on r for all r G f)*. Also the map 
r t—> z T {e v <g>v T ) G V is a morphism on t)* and l/u is per definition algebraic 
on U{h }• Thus f u restricted to Ug, y is a morphism. □ 

Example. Let zx G P{E) be an extremal and dominant weight. For all 
/x G P(E) with g / v we then have /a < zx and we may choose z T := 1 G 3 

/or all t G 1)*. The above lemma then implies Ll{h y = 1)*, the map / v is a 

morphism on t)* and /„(r) = e v ®v T for all t. 

Lemma [| implies that f v is algebraic on U := {jUg L y, where the union is 
taken over all possible choices for {h^ | g G P(E),n > zx}. If we set 

*4 := {r G f)* | u(t) = p T (r + zx) = 0 for all choices of {h^}}, 

we can write U as ZL = fj* - A. Since p T (r + v) = U.^eP(E),^>u FLew^ ' 
(r + zx) — t — /x, h M ) we know that r is in A if and only if there exists a w G W 
and a /xG P(P) with g > zx, such that w • (r + zx) = t + g. Thus we obtain 

-4= [J {r G (l* | to • (r + zx) = t + /x}. 

/iGP(£),/x>ix 

roGW 

Let us examing more closely the sets on the right hand side: For w = s a ,a G 
P, we get {t G f)* [ (r, a v )a = zx — p — (zx + p, a v )a}, which implies that this 
set is nonempty if and only if there exists a weight /x = u — (r + zx + p, a J )a 
in the a-string through z/, such that /x G P(E ) and /x > zx. Since zx was 
an extremal weight, it is either the greatest or the smallest weight in this 
a-string and hence such a g exists only if (z/, a v ) < 0 for an a G P + . In this 
case all p( n ) := zx + na for 1 < n < — (zx, a v ) are weights of E with gr n ) > zx. 
Comparing this with g = zx — (zx + p + r, a v )a we obtain as condition for t 
precisely — (p, a v ) < (r, a v ) < — (zx + p, a v ) — 1 for an a G P + . 

Set W 0 := {w € W | w / s 0 for an a £ P}. For 

M v := {(a, m Q ) G P + X Z | — (p, a v ) < m a < — (zx + p, a v )} 

Pi/ := 1J {r£f)’|(r,Q V ) = jn} 

(a,m)e A/L 

5 := (J {r G f)* I m • (r + zx) = r + p}, 

g,£P(E),/x>V' 

wew° 

we get = Pjy U S and S consists of finitely many intersections of at least 
two hyperplanes and is therefore a Zariski closed subset of codimension > 2. 
We remark that in general 7i u and S are not disjoint. Using Lemma || we 
obtain 

Lemma 4. The map f v is algebraic on the complement of7i u U<S. 

3.2. Poles of f v - Theorem |T] and proof. Let now 5 U G T’(f)*) be the 
product of the equations of the hyperplanes in 7i u , that is 

5 U := Pa,™ = {{r + p,a w ) - n a ) , 

a£R+ 0 <n a <—(i/,a v ) 

where H a ^ m {r) := (r,a v ) — m. We then have 7i u = {r G f)*| d v (r) = 0}. 
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Theorem 1. There exists a morphism of varieties G : b* —> V v , such that 
the set of zeros of G has codimension > 2 and such that G equals 5 u f u on 

The proof comes in two parts. In the first part we demonstrate the existence 
of an algebraic extension G of 5 u f u on the whole of b*, in the second we will 
show that the set of zeros of G has codimension > 2 . It will be useful to 
introduce the set 5i C b* of all intersections of hyperplanes in TL V . So if we 
set 

Si := {r € b* I = 0 = Hg^r) for (a,m) ± {(3,n) £ N v } 

then S U Si is a Zariski closed subset of codimension > 2. Note that (TL V 0 
S) C Si and hence TL U — (S U Si) = Tt u — Si. By definition of Si we obtain 
immediately 

Lemma 5. Let r € TL V — Si. Then there exists exactly one a £ R + , such 
that s a ■ (t + v) = r + (jlq for a weight go of E with go > v, namely 
go = v — (t + v + p,cP)a. For all g £ P(E) with g > u and g ^ go 
we have w ■ (r + v) / t + g for all w £ W. 

Proof of Theorem [J. Again let U = b* — {TL V U S) be the set on which f v is 
algebraic. First we claim 

(*) For all to G b* — (S U Si) there exists a Zariski open neighborhood Uo 
of To and an algebraic map Go : Uo —> V v , such that Go = 5 u f u on 

unu 0 . 

This statement then implies the existence of an algebraic extension of b v f v 
locally around every point of b* — (SuSi). This extension is unique and thus 
we obtain a global algebraic extension on b* — (SuSi). Since codim(SuSi) > 
2 we can extend this to a morphism G on the whole of b*- 
Let now to G b* — (S U Si). 

If to fz Tt u , then To £ U = t)* — (Tt u U S) and since f v was algebraic on U 
(Lemma ||), claim (*) follows with Uo := U and Go '■= 5 v f v . 

Let now To G Tt u . By assumption we then have to G Tt u — (SuSi) = TL V — S\, 
and Lemma ^ implies that (to,« v ) = to 6 Z for exactly one a £ R + and 
go = v — (v + p + To, a w )ct is a weight of E with go > v. 

Again we construct a set U^^ with a particular choice of {h^}. Namely, 
choose for all weights g £ P(E) with g > v and g / go elements li M G b, 
such that H^(w ■ (to + v), To) = (w ■ (to + v) — To — g, h^) / 0 for all w £ W. 
For go however, choose h^ 0 such that 

a) (a, hfj, 0 ) zfz 0 and 

b) H m (w(To + v),To) = (w-(To + v)-To-go, Vo) / 0 for a11 s Q / w £ W. 

Lemma | ensures that such a choice of {h^} is always possible. For t G b* 
we set again p T := ]l AiG p(B), ( u> l , s y m ^(- ) ' r )) and £ - 1 (Pr) =: G 3- For 

u defined by u(t) = p t (t + v) we then obtain Ug^g = {t G b* I u(t) / 0}. 
According to Lemma [| the map f u restricted to U{ h ^ is algebraic. Let’s 
have a closer look at the map u : It vanishes along the hyperplane ker H a g 0 , 
because for all t G b* we have H^ 0 (s a ■ (t + v), t) = —(a, h flQ ) ■ ((t, a v ) — 
to) = a ■ H a g 0 (t), where a := —(a, h^ 0 ) / 0 according to assumption a). 

All the other hyperplanes along which u vanishes are not equal to ker H a g 0 
but do at most intersect it. Otherwise (since tq G ker P a .t Q ) we would have 
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H fl (w ■ (t 0 + v ), To) = 0 for a pair (/r, w ) 7 ^ (w>,s a ) which is impossible by 
our choice of the h^. 

For u : fj* —> fc defined by uH a to = u, it follows by what we just said that 
■u(r 0 ) 0. With Uo := {t E f)* | u(r) 7 ^ 0} we then get 

• t 0 £Uo 

• 1/rZ is algebraic on Uo 

• U{ hfi y =U 0 - ker H a>to , thus Uo = U{ h ^ U ker H aM 

• (U fl lAo) C U^^j, since U fl ker H a j 0 = 0. 

If we define 5 = 5 U : b* —>► k by 8H a ^ 0 = b v and set 

G 0 : U 0 ^ V 

T 5(t)(u{t))~ z T {e v ®v T ) 

we know that Go is algebraic on Uo- In particular, Go is algebraic on an 
open neighborhood of tq. This is now the local algebraic extension of 5 u f u 
around tq which we were looking for, because according to Lemma || we have 
for all r E U {h ^\ 

5 u {r)f u (T) = 5 u (t) (u(r)y 1 z T (e u <g> v T ) 

= 5 v (r)H a> t 0 (r) {H aM {r))~ l (u(t ))' 1 z T (e v ® v T ) 

= G 0 (t). 

In particular, this equation holds for all r E (U C\Uq) C U^ y, i.e. (*). 

It remains to show that the set of zeros of G has codimension > 2 . 

In order to do this, let S 2 be the union of all intersections of hyperplanes in 
7i u with any other integral hyperplanes, that is 

S 2 := S\ U {r E TL u I (r, a v ) = m E Z for a pair (a, m) ^ M u }. 

We claim 

(**) K := {t E b* | G(t) = 0} C (5 U S 2 ) 

and conclude then that codim/C > 2. Indeed, by definition the set S U £2 
consists of a countable family of intersections of integral hyperplanes. On the 
other hand, G is algebraic on f)* and therefore its set of zeros must be Zariski 
closed. Since a countable family of intersections of integral hyperplanes is 
Zariski closed only if it is a finite family of such intersections, the set /C must 
have codimension > 2 . 

Let now to E f)* — (S U S 2 ). We have to show G(ro) 0. 

If to ^ 7i u , we have 5 v {tq) 7 ^ 0 and to E U = 1)* — (H u U 5). Now G equals 
b v f v on U and hence G(t 0 ) = S v (ro)f v (ro) 0 . 

Let now to E Tt u . Again by the first part of the proof we know that there is 
an open neighborhood Uo of to, such that G(t) = 5*,(t)(u(t)) 1 z T {e v ® v T ) 
for all t E Uo- Since 8 v {tq) 7 ^ 0 it thus suffices to show 

(**) Wo (w ® Wo) 7^ b- 

In order to do this, we will use Lemma || to || of the following section. Set 
e := e u and denote the projection onto the central character x(to + v) by 
P r = P r x(r 0 +G ; F —» F. 

Since to E TL v — £ 2 , there exists exactly one a E R + such that (to, a v ) E Z. 
Therefore, R ro := {/3 € R \ (tq,/ 3 v ) E Z} = {a,—a} and hence the Weyl 
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group W ro of this root system R TQ equals >V ro = (sp \ (3 £ R ro ) = (s a ). For 
to and po = is — (tq + is + p, a v )a we may then apply Lemma 1 and obtain 
a short exact sequence 

(T) M(s a ■ (t 0 + is)) ^ pr (E <8>M(to)) -» L(r 0 + is) 

aim -C//J.Q 

such that pr(e®u^)/pr (£ , <8)M(to)) generates the simple module L(tq + is). 
The module pr ( E®M(tq )) is projective (Lemma 0) and this forces the above 
short exact sequence to be a nontrivial extension because otherwise, being a 
direct summand, L(tq + is) would be projective too. This contradicts Lemma 

Therefore (see for example [)HS| , Ch.3, Lemma 4.1]) we have at least one 
direct summand M(s a ■ (to + is)) of R 2 ■= ©dim ' ( r o + v)), such 
that the projection pro : R 2 -» M(s a ■ (to + is)) induces a nontrivial exten¬ 
sion 


M(s a ■ (t 0 + is)) ^ PO -» L(t 0 + is) 

together with a homomorphism pro : R\ := pr (F7 <g> M(tq)) — > PO, such 
that the following diagram commutes (the rows are exact, PO is a push-out 
of pro : i ?2 M(s a • (to + is)) and R 2 R\ , see for example the dual 
statement to |HS, Ch.3, Lemma 1.3]): 

i ?2 - * R\ -* R 1 /R 2 = L(t 0 + is) 


pro 


pro 


id 


M(s a ■ (to + is)) -> PO -* PO /M (s a • (r 0 + is)) = L(t 0 + is) 

Since the bottom row is a nontrivial extension and since W To +„ = W TQ = 
(s a ), the push-out PO is isomorphic to P[tq + is), the projective cover of 
L(to + is) in O (Lemma | 6 |). In the right loop of the above diagram lies the 
following element diagram 


pr(e <g> v T0 ) i 


pr(e ®v T0 )/R 2 


pro( pr(e <S> u T0 )) 1 -pro( pr(e § v T0 ))/M(s a • (t 0 + is)) 

Since pr(e< 8 >u To )/I ?2 is a generator of L(to + is) we conclude that p?o(pr(e<g) 
Vt 0 )) /M(s a ■ (to + is)) £ PO /M(s a ■ (to + is)) is also a generator of L(tq+is) 
and thus its preimage pro( pr(e®u To )) generates the indecomposable module 
PO = P(tq + is). By Lemma |] the element z T0 is not contained in the 
annihilator of P{tq + is), this means in particular 0 / z To pro( pr(e (g>u To )) = 
pro(z T0 pr(e 0 u TO )) and we obtain z T0 pr(e<g>iy 0 ) / 0. Therefore, claim (**)’ 
is proven and the proof of Theorem [l] is finished provided we know that 
Lemma 101 and H hold. □ 

3.3. Proof of Lemma 1 , 0 , I and |t^. In the following let e u denote 
again the fixed extremal weight vector of the finite dimensional irreducible 
0 -module E = E(is). Set v T £ M[t) the canonical generator of the Verma 
module and let V := E (g> it(n - ) = E <g> M(t) for all t £ fj*. The category 
O is the category of all finitely generated g-modules, which are b-finite and 
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semisimple over b [JBGG2 ]. For A G b* set Wa := {w G W | A — wX G P} 
and R\ := {(3 G R \ (A,/3 V ) G Z}. The group Wa is then the Weyl group to 
the root system R\ | Jal , 1.3]. Denote by P( A) the projective cover in O of 
the simple module L(A). 


Lemma 6. Let A G b* with Wa = (s Q ) and M (A) = L(A) simple. If the 
short exact sequence M(s a ■ A) N -» L(A) is a nontrivial extension, then 
N is isomorphic to P( A). 


Proof. For A with Wa = (s a ) there exists in O (up to isomorphism) a unique 
indecomposable projective module P(A), such that the short exact sequence 


M{s a • A) ^ P( A) -» L( A) 

is a nontrivial extension |BGG2| , Ch.4]. We thus have a nontrivial element 
of Ext 1 M(s a ■ A)). The assertion follows immediately if we knew 

that dim Ext 1 (L(A), M(s a ■ A)) < 1. Indeed, construct for M(s a • A) 
P(A) -» L(A) the long exact homology sequence [HS, Ch.3, Thm.5.3] (set 
M = M(s a ■ A), P = P(X), L = L( A), Ext = Exto and let uj be the connect¬ 
ing homomorphism): 


-> Hom(M, M) ^ Ext 1 (L, M) -*• Ext’(P, M) Ext 1 (M, M) —> ■ ■ ■ 

and note that Ext x (P, M) = 0 since P = P( A) is projective ||HS| , Chap.3, 
Prop.2.6.]. By exactness we obtain oj surjective. Since now for any Verma 
module M dimHom(M, M) = 1, we conclude that dim Ext 1 (L, M) <1. □ 


Lemma 7. Let r G b* with W r = (s a ). 

(a) If (t + p, a v ) > 0, then pr Y( - r _,_^ ( E ® M(r)) is projective, this means 
pr x ( T+I/ \ (E (g> M(r)) is a projective object of the category O. 

(b) If (t + v + p,a v ) < 0, then M(t + v) = L(r + v) is simple and not 
projective. 


Proof, a) A Verma module M(A) is projective if (A + p,/3 v ) > 0 for all 
(3 G R\C\R + \ Ia2 , 4.8]. Since W T = (s a ), we have R T nR + = {a} and hence 
M (r) is projective. Then also E ® M (r) is projective, because for E with 
dimE < oo the functor 


F e : O 
M 


O 

E®M 


maps projective objects of O to projective objects of O |BG| . Its direct 
summand pr x( - T+ , y ^ [E ® M(r)) CE0 M(r) is then projective too. 
b) A Verma module M(A) is simple if and only if (A + p,/3 v ) < 0 for all 
P G R\ FI [Di, 7.6.24] or [[Jal| , 1.8, 1.9]. Since W r +„ = W r = (s a ) we 


obtain 72,-+^ (~li? + = {a} and the simplicity of M(r + u) = L(r + i/) follows. 
Since the short exact sequence M(s a ■ (r + v)) c —>• P(r + z/) -» L(t + z/) 
is a nontrivial extension [ BGG2| , Ch.4], the module L(t + u) cannot be 
projective. □ 
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Lemma 8. Let r £ fi* withV\t T = ( s a ) and po := (r+u+p, a v )a £ P(E) 

such that no > v. Then the module pr x c T+l/ ) (E 0 M(r)) admits a chain of 
submodules 

pr x ( T +i/) (-E 1 ® M(r)) = i?i D i? 2 D 0, 

such that — 0 dim ^ M(s a ■ (r + z/)) and R 1 /R 2 = M(t + v) = L(t + v) 
and such that L(t + v) is generated by ( pr x ( r+ „) (e^ 0 u r )) /i? 2 . 

Proof. Let pi, p 2 , •.. , p m be the weights of E without multiplicities, num¬ 
bered such that Hi < Tj * < ,?■ Set Hj 0 := ^ Hji '■= To, 4/ := dimE^. 
and pr := pr^ r+l ,). From chapter 2 we already know that E 0 M(r) has a 
chain of submodules E0M(r) = Mi D • • • D M m D 0 such that Mj/Mj+\ = 
0 d ,M(r + Hj)- It is then clear that pr (E0M(r)) = prMi D ■ ■ ■ D prM m D 
0 is a chain of submodules such that the subquotients pr Mj/ pr Mj + \ are 
isomorphic to 0 rf M(r + p.,), if t + Hj E W • (r + u), otherwise they are 
0. Since Hj an d ^ are integral weights, we get Hj = w ■ (r + u) — r only for 
w £ W r . For w = e this yields Hj 0 = zp for w = s a we obtain Hji = To 
since r + po = • (r + u). By assumption we have Hj 0 = u < Po = Hjn 

and thus jo < j\ . Therefore, if we omit in this chain trivial submodules 
we obtain a chain pr (E 0 M(r)) = pr M J0 =: iii D pr =: R? D 0 
such that i ?2 — 0 d . M(t + po) = 0 d . M(s a ■ (r + u)) and R 1 /R 2 — 
0 d . M(r + v) = M(t + v). By construction of the Mj this module is gen¬ 
erated by pr x / T+v -)(e u 0 v T )/R 2 - Now po > v forces (r + v + p, a v ) < 0 
and together with W T + U = W T = (s a ) this implies M(r + u) = L(t + u) 
(Lemma 0). □ 


For p £ f)* define maps H fl : fj* x fj* — ► k by id M (A,r) := (A — r — 
P,M VA,r £ £ f). For r £ fj* set p r := n^^ePfE) s y mff M( _ > r ) 

and z T := £ _1 (p T ) £ 3 the preimage of p T under the Harish-Chandra iso¬ 
morphism f : 3 ——i> 


Lemma 9. Let tq £ 1)* with W ro = (s Q ) and —(p, a v ) < (ro,a v ) < —(u + 
p, a v ) — 1. Assume t/ie h^ £ f) to 6e chosen such that 

(a) (a, /i Mo ) 7^ 0 for po := z/ — (to + u + p, a v )a and 

(b) H fl (w ■ (r 0 +v),t 0 ) 7^ 0 for ( w,h ) + (s Q ,Po), Vic £ >V,p £ P(E) with 
H > v. 

Then z T0 ^ Arin^ P(tq + v). 


Proof. We will first give an explicit description of the annihilator Annt> P(tq+ 
v) by a theorem of Soergel [So]. For this let A £ b*, such that for all 


(3 £ R + FI R\ we have (A + p, /3 V ) > 0. Denote by w\ £ W A the longest 
element with respect to the Bruhat ordering. Then define for p £ b* the 
map 

p+ : W) _> V ^*) 

P t—> p + (p) 

by (A i+ (p))(p) : = p{t + p) for all r £ h*. Then [^, 2.2]: 

C\p) € Ann 3 P0 A • A) <=> A +(p) £ (p+(^)) w ^p(^). 
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Here V + {\]*) denotes the set of polynomial functions on 1 )* without constant 
term. We want to describe the annihilator of P(tq + is) and choose for this 
Ao := s a • (to + v) = tq + no = r 0 + is — (r 0 + is + p, a v )a. We then have 
Wa 0 = W Sa .( T0+u ) = Wr 0 +u = WV 0 = (s Q ) and hence R\ 0 = {a, -a}. By 
assumption we know that (Ao + p, a v ) >0 and obtain for all (3 G R + fl R\ 0 
that (Ao + Pi (3 W ) > 0 . Now w\ 0 = s a is the longest element in W\ 0 and 
we may apply Soergel’s theorem with A := Ao = s a ■ (tq + is). Assume we 
had £ - 1 (p) G Ann^ P(w a 0 • Ao) = Ann^ P(r 0 + is) for p = )T ” =1 Vi ( l% with 

Pi G 7 ?+ (1)*)) VVao and qi G V(\)*). Then it follows for all p t that 

Pi (Ao + p) = (Aq (Pi)) (p) = (Ao (Pi)) (s a p) = Pi( A 0 + s a p) \/p G f)*. 

For p = a we obtain pi(Ao + a) = Pi(Xo — a) and this forces the derivative 
of p in direction of a to vanish at the point Ao- Let’s check this condition 
for p T . By definition we have for all A G 1)*: p T ( A) = I~I ^>vw^v\> w ■ A, r). 
If we define p T by P t H^ 0 (—,t) = p T , we obtain 

Pt{ A) := H^{w • A, r). 

(w,n)^(e,no) 

Let p' T denote the derivative of p T in direction a. By the product rule we 
have p' T = p' T H w (-, r) + p T H ' w (-, r). 

Since s a ■ (tq + is) = to + po it follows that H^ l0 (s a ■ (tq + v),t o) = 0 and 
we get p' TQ (s a ■ (t 0 + is)) = p TQ (s a • (r 0 + z'))-ff( t0 (s Q • (t 0 + is),t 0 ) . But now 
neither of these two factors is zero because 

Pro {s a ■ (to + v)) = ff H^(w ■ S a ■ (t 0 + ls),T 0 ) 

(w,n)^(e,no) 

= If Hn(w ■ (to + ls),T 0 ) 

o) 

and by assumption (b) none of the factors H^(w-(to + is),to) vanishes, hence 
Pt 0 ( s a ■ (to + is)) / 0. On the other hand, also H( lQ (s Q • (tq + u),to) / 0 since 
by assumption (a) we have: iL(, 0 (A,To) = q (A + ta — tq — po,h w ) = 
(a, h/i 0 ) 7 ^ 0 . 

Together this implies (s Q • (to + is)) / 0 and therefore £(p T0 ) = Zt 0 cannot 
be contained in the annihilator of P(tq + is). □ 

4. The triangle function A 

4.1. Preliminaries. Let M be a representation of 0 and E a vector space. 
Then E ® M is a representation of 0 via X(e ® m) := e ( 8 > Am for all 
A G 0 , e G A and m G Af. If in addition E is also a representation of 0 , then 
we obtain a second 0 -operation on E®M via A (e®m) := Ae<g>m+e<g) Am. 
To distinguish these two representations we denote the first one by E®M. 
Let now A be a finite dimensional representation of 0 and is G P a weight 
of E. 
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Lemma 10. Let r £ f)* such that %(r + v) / %(r + p) /or all p £ P(F) 
with p ^ u. Then there exists a unique natural isomorphism 

can : E v ®M(t + v) pr x( y +i ,)(F 0 M(r)), 

smc/i that cecn.{e(&v T+u ) = pr x ( T+ „)(e (8) v T ) for all e £ E u . 

Remark. For a generic weight, i.e. a weight r £ f)* such that (r, a v ) (f Z for 
all a £ R, the central characters %(t + /i) for p £ F(F) are pairwise distinct. 
In particular, in this case the condition of the lemma is always satisfied. 


Proof. By the so-called tensor identity we have a canonical isomorphism 

U ® M 5 - F g) (it <g)^) k T ) 

such that u®(e®a) i-» rz(e 0 (l(g)a)). Call the left hand side F, the right hand 
side is E 0 M(r). Denote by pi,. ■ ■ ,p m the weights of E. The filtration 
F g M(r) = M\ D • • • D M m D 0, where the subquotients are isomorphic 
to direct sums of Verma modules (see page fi]), induces a filtration of F : 
it g^^,) (F g k T ) = F = F\ D F 2 D • • • D F m D 0 such that 

Ej/Ej+i = (E/ij g )• 

Now here the right hand side is canonically isomorphic to E^ Lj ®M{r + pj ) 
(by mapping e g uv T+flj 1 —► u ( 8 ) (e 0 1 )) and in particular, we have that 
X(r + Pj) (Fj/Fj+i) = 0 . 

Let now v = p-i for a fixed i. By the condition on t we know that x(t + u) 7 ^ 
x(t + pj) for all j 7 ^ i, j £ {1,... , m} and hence pr x ( r+ ^ (Fj/Fj + 1 ) = 0 for 
all j 7 ^ i. Thus we get W x ( T +v) F = W x ( T +v) F { = ... = W x ( T +v) F i and also 
W x (t+v) F i +1 = • • • = W x (t+u) Fm. = 0. We conclude that pr x(T+i/) F C F t 
and that F i+1 C ker(pr x(T+;/) : Fi -» W x ( T +v) F )• Since pr x(t+1/) ( F i/F i+ 1 ) = 
Fi/Fi + 1 , we know even that Fj + i is equal to this kernel. This now induces 
a natural isomorphism 

Fi/F i+ 1 pr x(T+y) F 

such that 

E u ®M{t + u) pr x(r+l/) F 

e®(uu r+l/ ) 1 —> pr x(r+l/) (tt ( 8 > (e ® 1 )) 

We apply the tensor identity F = F g M(r) and the lemma follows. □ 


Let us recall the theorem of Bernstein and Gelfand [ BG] for projective func¬ 
tors. For this denote by M the category of all 3-hnite g-modules and for 
X £ Max3 let 


Mix) ■= {M £ M | X M = 0} 

M°°ix ) := {M £ 3d | for all m £ M exists n £ N such that y n m = 0}. 


A projective x-f unc t° r is then a functor F : M{x) M, which is iso¬ 
morphic to a direct summand of a functor Fig) for a finite dimensional 
representation F. In particular, the restriction of the translation functor 
Tf +V : -M°°(x(t)) —► -M°°(x(t + z/)) to the subcategory M.(xi T )) is a 
projective x(r)-functor. For two projective x-functors F, F : M{x) ~ > Ad 
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denote by Horn^^^F, F ) the space of all natural transformations from F 
to F. 


Theorem. [BG, 3.5] Let F. F : M(x) y -Ad be projective x~f unc tors and 
let t G Ij* such that x( T ) = X an d M(t) is projective. Then the obvious map 


Horn —> Horn g (FM( t), FM(r)) 
is an isomorphism. 


Remark. (i) The Verrna module M(t) is projective if and only if (r + 
p, a v ) ^ {-1,-2,...} for all a G R + . In particular, for a generic 
weight r the Verma module M(t) is always projective. 

(ii) Note that in [|BG|| the Verma module with highest weight r is denoted 
by M T+p . Accordingly, the theorem there is formulated for all r with 
(r, a v ) ^ {—1, —2,... } for all a G R + . 


4.2. Definition of A. For v G P let E(y) be the finite dimensional irre¬ 
ducible g-module with extremal weight v and let x G W. For a weight r G f)* 
with x(t + v) x( T + P) f° r P £ E ( E ) with p ^ v, Lemma IT yields a 
canonical isomorphism 


E(v) xv ®M(x ■ (r + v)) -2A pr x ( T+l/) (F(z/) <8 )M(x ■ r)) = T x +u M(x • r). 

Let now g/i G L be integral weights. We set E' := E(u), E" := E(p) and 
E := E(v + p). For generic r consider the following sequence of isomor¬ 
phisms: 


Hom Mx(r)W (T;+r + ^ o T;+V T t t + ^) 

^ Hom 0 (TlX„ + ^ +v M{x ■ r),T r T+ ^M(x • r)) 

-2A Hom 0 (E'lJ&E' xv ®M(x ■ (r + v + p)) 1 E x(y p +u) ®M(x ■ (r + u + p))) 

> Hom^ <8 E xv , 

E Z ® ® 4 (m +g 

Here, we obtain the first isomorphism by the Theorem of Bernstein-Gelfand, 
the second is due to Lemma [l(], the others are obvious. We call this map 
nat (p,v\x)(t) and define for generic r and for the triangle 



the value of the triangle function A by 

A (p, w, x)(t) := det (aG 1 o nat(/r, v; x)(t) o (natQq v\ e)(r)) _1 ) . 

We have yet to explain the map 

x~ l ■ e (p)*xh ® E(v)*x» ® e (p + V )x{v+F) -» E (p)l 1 ® 4*4 ® E (p + v) u+ p . 
For this let G be a simply connected algebraic group with Lie algebra 0 and 
T C G a maximal torus with Lie algebra f). Each finite dimensional repre¬ 
sentation E of 0 is in a natural way a representation of G. The operation 
of Nq(T), the normalizer of T in G, on E stabilizes Eq and factors over an 
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operation of W = Nq(T)/T. The map x _1 is given by this operation of VV 
on the zero weight space (E(fj,)* 0 E(y)* 0 E(is + //)) 0 . 

Now take for r not only any, but rather the generic weight: For this denote 
by S := Sk{ f)) the symmetric algebra of 1) and let K := Quot(S) be its 
quotient field. We then have a fc-linear map f ) ^ S ^ K and obtain thus a 
K -linear map r : K 0 *. t) —> K such that the following diagram commutes 

f) -♦ 5 


K ® k f, — T -^ K 

With this r (= tautologous) we then obtain A(/x, is;x)(t) £ K x . These are 
the triangle functions. 


4.3. Uncanonical definition of A. We defined the triangle functions by 
a series of canonical isomorphisms. For our purposes it is sometimes more 
convenient to realize the triangle functions in the following - uncanonical 
- way: Let is £ P, x £ W and choose a fixed extremal weight vector 
0 / e u £ E{y) v . Since extremal weight spaces are one dimensional, this 
choice is unique up to non-zero scalar. By Lemma 1C we obtain for generic 
r £ [)* a - no longer canonical - isomorphism 


F xu (x ■ t) : M(x-{t + v)) AL. T^ +v M(x-t) 

v x -(t+u) ^ pr x(T +v ){xe v ® v x . T ) 

Here x £ G denotes a pre-image of x £ W = NgT/T. We have xe u £ 
E(v) xv . Let now n £ P be another weight. Choose £ E^/i)^ and 
e^ +u £ E(n + u) M+1/ , both non-zero, and consider for generic r the fol¬ 
lowing sequence of isomorphisms: 


Hom^ (x(T)) ^ (T t 4: + ^ o T t t + ^) 

A4 Hom 0 (T^+^ +v M(x ■ t),T; +u+ ^M{x ■ r)) 

—> Hom 0 (M(x ■ (r + is + fx)),M(x ■ (r + is + //))) 

AA k 

Denote this map by Nat(/q is; x)(r). Here again the first isomorphism is 
clear by the Theorem of Bernstein-Gelfand, the second is due to the the 
maps F x r v+I ^(x ■ r) and F Xfl (x ■ (r + fi)) o T x+ " + ^F xv (x ■ r). We then obtain 

A(/q is; x)(r) = Nat(/i, is; x)(r) o (Nat (fi, is; e)(r))^ 1 (l). 

ft follows that this characterization of A is independent of the choice of the 
weight vectors e v , e fI and e M+1/ , and also independent of the choice of the 
pre-image x of x. 


5. Bernstein’s relative trace and a special case of A 


5.1. The relative trace. Let us recall the definition of the relative trace 
tr e defined by Bernstein in [Be]. Let g-mod be the category of all g- 
modules and let E be a finite dimensional g-module. Denote by Fe : 
g-mod —► g-mod the functor defined by Fe(M) := E 0 M. The relative 


trace tr e '■ End 


g-rno' 


<i(ft 


End, 


g-rno' 


j(Id) is then a morphism from the 
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endomorphisms of the functor Fe to the endomorphisms of the identity 
functor on g-mod, defined by 

tr^f : Endg(E(g)M) —> End qM 
a i—> tr|f (a) 

where 


trf (a) : M —!—> E* ® E <g> M E* ® E ® M c - ° Dt g - d > M- 


Here, i is the map M Endg(E') ® AL A E* ®E®A1 with j(m) := idg ®m 
and c the canonical isomorphism Endg(E) = E* (g> E. The map cont : 
E* <8> E —> k denotes the evaluation map. 

Bernstein has calculated an explicit formula for the relative trace, by con¬ 
sidering it as a map from V{\ j*) w ' to itself in the following way: First, we 
identify End„ moc [ (Id) = 3 with the center of the enveloping algebra it, then 
we make use of the natural morphism 3 —> End„ mo d(-^®) an< ^ composing 
this with the trace map we obtain tr^; : 3 ~> 3- By means of the Harish- 
Chandra isomorphism £ : 3 —» (normalized by z — £(z) G iln) we 

may then regard tr e as an endomorphism of "P(f)*) w '. 

Dehne now on V(t)*) a convolution / i—> P(E) * f by ( P(E) * /)(A) : = 
/(^ + m)> where the sum is taken over all weights fi G P(E) with 
their multiplicities. Set A(A) := riaeiH^ + P>o: v ). Then we have 


Theorem. 


| Be] 


tr E (f) = A~ 1 (P(E) * A/) for all f G . 


If we choose now for M the Verma module M (A) we can associate to each en¬ 
domorphism / € Endg(E®A/(A)) an element tr g^\f) of Endg(M(A)) = k. 
As endomorphism of M(A) this element operates on M(A) by multiplication 
with the scalar (trjf^f f))( A) and we obtain by Bernstein’s Theorem for all 
Aef)* and for all w G W 

(tr? M (/))(A) = (A~ 1 (P(E) * A/))(A) 

= CMA)) 1 a(a + n)f(x + n). 

^eP(E) 


5.2. The special case A(—u,u;wo). Let now E = E(u), wq G W the 
longest element and pr x ( T+I/ \ G Endg(£’(z^) ® M(wq • r)) the projection on 

the central character \'(r + ;z). Then tr^J .’ 0 ^ (pr x ( T+J ,)) is an element in 
Endg(Af(u>o • r)) = L and we have 

Theorem 2. Let i/ G 6 e a dominant weight and rGi)* generic. Then 
A(-i/,i/;u7 0 )(t) = trg ( ( ^ 0 ' r) ( p r x(r+i ,)). 

Proof. Postponed to [5.3|. □ 


Regarding A(—v,v\wq) as a polynomial function on ()* we obtain for this 
special case an explicit formula: 


Corollary. Let v G P + be a dominant weight and r G 1 1 * generic. Then 

(t + u + p, a v ) 


A(-v,v;w 0 )(t) = 

aeR+ 


(r + p,a v ) 
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Proof. Under the morphism = 3 —> Endg_ mo( |(F/ ? ) the projection 

pi' x ( T+!y j is the image of a polynomial function, which takes value 1 at all 
weights A £ W- (t+z/) and vanishes at all other weights r+/r with fj, £ P(F). 
Call this polynomial function pr. By Bernstein’s formula for the relative 
trace we then obtain 

(t r ^7' T) (pr)) (r) = (A(r))” 1 A ( r + B) P” r ( r + P) 

HeP(E(v)) 


and by definition of pr the value of pr(r + g ) for /i £ P(E) does not vanish 
if and only if there is a w £ W such that w ■ (t + n) = (r + v). Since 
r is generic, this is only possible for w = e and hence g = u. In this 
case we have pr(T + u) = 1 and since furthermore &\mE(i/) u = 1, we get 
Y^neP(E(v)) A(t+/i) Pi'(u+/i) = A(t+u). The claim now follows by Theorem 
H| and the equation 


(tr 


E{u) 


(P r ))(u) 


A (r + u) 
A(r) 


n 

aeR+ 


(r + u + p, a v ) 
(r + p, a v ) 


□ 


5.3. Proof of Theorem [2j. First we make some more general preliminary 
remarks. 


5.3.1. The adjunctions (Tf +l> , Tf +V ) and (Tf +u ,Tf +u ). Let A and B be cat¬ 
egories and F : A —> B, G : B —> Al two functors. Then an adjunction (F, G) 
of F and G is a family of isomorphisms 

(F, G) m ,n ■= ( F,G ) : Hom B (FM, N) Horn A (M,GN), 

which is natural in M and N (M £ A, N £ B). 

For example, for E a finite dimensional g-module we obtain an adjunction 
(. Fe,Fe *) of F E - 0 -mod —> g-rnod and F E *'■ g-mod —> g-rnod as the compo¬ 
sition 

Hom g (F g M, N) —> Hom g (F* g F <g) M, E* g IV) —> Horn g (AL, E* g IV). 

Here, the first map is given by / i—> id®* g/, the second by g > 5 o i. 
Interchanging F and E* we obtain in the same way an adjunction (F E *, F E ). 
Its inverse is the composition 

Horn 0 (M, E®N)-> Hom g (F* g M, F* g E g IV) -f Hom 0 (F* g M, IV), 

where the first map is again given by / 1 —> id#* g/ and the second by 
g 1 —> (contgidAr) o g. Let now v £ P be an integral weight. Each identi¬ 
fication ip : E(v)* —» F(— v) then defines adjunctions (F E f u ), F E (- v )) and 
(F E (-v),F E (y))- More precisely, we have 

(F E ( v ),F e ^_ u )) : Horng(F(u) g Af, N ) Hom g (IU, E(-v) g IV) 

/ ^ (v®f ) 0 i 

and 

(Pe(-v), Pe^))- 1 : Hom g (M, E(y) g IV) Hom g (F(—u) g M, IV) 

g 1 —> (cont g Mat) o g 5 ) 
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Let now i x : M°°(x) > M denote the embedding functor. We then have 

in a natural way adjunctions (i x ,pi - v ,) and (pr x ,i x ). Since for the transla¬ 
tion functor Tf +U = pr x ( T+i ,\ o Fe{ v ) °i x ( T ), we thus obtain also adjunctions 
(I? +v , T r V) and (Tf +U , 


5.3.2. The natural transformations adj 1 and adj 2 . Let M £ M°°{x{t)) and 
consider Id £ Horn g(Tf +u M,Tf +u M). By means of the two adjunctions 
(Tf +U ,Tf +u ) and (Tf +u ,Tf +u )~ 1 we get two maps as the images of Id: 

adjif £ Horrig( M . Tf +I/ Tf +U M ) and adj 2 / £ Horn g (Tf +u Tf + ^M, M) 

and one checks that we obtain in this way natural transformations adj 1 £ 
Hom_ M oc (x(T)) ^(Id,r 7 r +!y oT 7 r +!/ ) and adj 2 £ Hom^oo (x(T ))^(T^. I/ oT^ +I/ , Id). 
By composing these two maps, we get a canonical endomorphism of M: 

M — Tf +u Tf +v M —^ M. 

We want to describe this endomorphism in more detail. By definition, the 
adjunction (Tf +U , Tf +V ) is just the composition of adjunctions (i x ( T ), pr x ( T ))o 
{Fe(v ), F'e(-v) ) ° (pr x ( T+I/ ), i x ( r+i ,)) and one checks easily that the image of 
Id £ Hom 0 (Tf +U M, Tf +U M) under (pr x ( T+l/ ), i x ( T+l/ )) is precisely the pro¬ 
jection pr X ( T+V y Thus, the image of Id under the adjunction (Tf +U , Tf +V ) 
can be described by the composition 

adj ^ : M > E* ® E <g> M Tf +u Tf +u M. 

Here, we put E = E{y) and pr = pr x ( T+!/ )- Analogously, we obtain for adj 2 / 
the composition 

ad JM : Tf +u Tf +u M - ~- - r > E*®E®M c ""' --- id L, m 
and taken together we have the following commutative diagram: 


M —^ Tf +v Tf +u M 

E* <S> E <S> M ldg ---- p - r > E*®E®M 
We thus obtain for adj 2 / o adj 


adj 

-> 


M 


cont <S> id m 


id^* ®pr 
- > 


E*®E®M 


M —±—► E* ®E®M - dg * Spr> i ( T + -. ) > E* ®E®M cont g - ldAf - > M. 
Comparing this with the relative trace tr e for E = E{y), it follows imme¬ 
diately for all M £ that 

adji/oadjjv/ = tr^ (l/) (pr x(T+l/) ) £ End 0 (M) 

or, regarded as natural transformation of the identity functor Id : M°°(x(t)) 
-»• M°°(x{t)) to itself 

adj 2 o adj 1 = tr E(i ,) (pr x(r+l/) ). 

Let now i x : Mix) ^ M denote the embedding functor, let F. G : M°°{x) —■ 
M be functors and denote by F(x), resp. G(x) its restrictions to the sub¬ 
category M{x)- Each natural transformation n from F to G can be re¬ 
garded as natural transformation from F(x) to G(x) by first applying i x 
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and then n. In particular, we obtain in this way the two natural transfor¬ 
mations adj 1 G Hom_v(( x ( T ))^ (ld(x), T^ +v oT^ +l '(x)) and similarly adj 2 G 

H°nijn(x(r))-t i T r+u ° T t +u (x)i Id(x)) • 


5.3.3. We have A(-u,u\w 0 )(t) = adj^ o . r) o adj M( W0 . T y By choosing for 
M the Verma module M(t), we can assign to each rgfa canonical element 


adj 


M (r) 


l-l 


1 a djM(r) 


G End(M(r)) = k. We will see in the following, that 


for dominant v this is precisely the triangle function A( — u,ix,wq)(t). For 
x G W and t generic we call (f> x (x-T ) the isomorphism T^ +U T^ +V M (x ■ r) —» 
M(x ■ t) given by (</> x (x • r )) _1 = T^ +v F xv (x ■ r) o F_ xv (x ■ (r + v)) (see [Q|) . 
First we show that for dominant v and generic r the following diagram 
commutes: 



M(t) 


Let again denote e v G E{y) v the fixed extremal weight vector for a dominant 
integral weight v. Since wq is the longest element in the Weyl group the 
dominance of v implies that e- v := WQe u is a weight vector of weight —v. 
Here, ico G G is a representative of wq G Nq(T)/T. 

Define now a pairing E(—v) x E(y) —> k by (e- v ,e v ) := 1 and obtain thus 
an identification tp : E(y)* —> E(—v). Let v T G M(r) be the canonical 
generator. To see that the above diagram commutes, it suffices to show that 
the pre-image of v T in T^ +U T^ +U M (r) is mapped again to v T when applying 

adj M (r)' We llaVe 

(^(t )) -1 (y T ) = pr x(T) [e- v ® (pr x(r+t/) (e„ ® v T ))) 

= P r x ( T ) (e_ v v T ) 

= e_y ®e v ®v T - (T) ; , pr (e-y (g> e v <g> v T ). 

The first equation holds by definition of cf> e {T ), the second follows since for 
dominant u we have pr x / r+i/ ) (e u (g> v T ) = e v ® v T (see the example on page 
|6j) and the third equation is just direct sum decomposition. Since adj 2 f was 
the composition 

T; +U T; +U M - ~^ -- r > E* ®E®M ■ - ont - - i -- jV -- > M 

we know in particular that adj^/s is a 0 -module homomorphism to M(r). 
Then it is clear, that adj 2 ^ T ) maps ® X ^ X ( T ) pr x (e_v < 8 > e v <g> n T ) to zero since 
this element has wrong central character. For e- v (g> e v < 8 > v T we use the fact 
that (e- u ,e v ) = 1 and obtain as image under adj^ T j precisely v T . Taken 

together, we get adj^/x = ido^ e (r), i.e. the above diagram commutes. 
This now means that under the map Nat( —n, u;e)(r) the image of adj 2 G 
H° m M( x (r))-4 (?7 + v o 37+-( X ),27(x)) is just the identity id G End(M(r)). 
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By means of the uncanonical definition of the triangle function we deduce 
A(-v,w,w 0 )(t) = Nat(—i/, v, wq)(t) o (Nat(-z/, v\ e)(r)) _ 1 (id M ( T) ) 

= (Nat(—i/, v\ wo)(t)) (adj 2 ) 

and the Theorem of Bernstein-Gelfand implies that the right hand side of 
the following diagram commutes: 


M(w 0 ■ t) 


J M(wq -t) 


(*) 



Tf +v Tf+"M{w 0 ■ t) 

</>u > 0 (w 0 -t) 


M (wq -t) 


M{wq ■ t) 




M(w o • r) 

The commutativity of the left hand side can be shown in an analogous way. 
We thus obtain for dominant v 

ad )M(w 0 -T) oad )M(w 0 -T) = A (-^ w o){ T ) 

and together with the equation adj^- (lUo . T) o adj^ (wo . r) = tr^°' r) (pr x ( T+l/) ) 
from section 5.3. 2| we deduce Theorem ||. □ 

5.4. The case M(r) —* Tf +u Tf +u M(r) —♦ M(r). 

Corollary of the proof. Let u G P + be dominant and t G l)* generic. 
Then the composition 


M(r) 


ad JM(r) 


Tf +v Tf+ v M{r) 


ad JM(r) 


M(t) 


is just multiplication with s(t) := Oaei?+ ^ , where s is considered 

as an element in Quot(5(t})). 

Proof. The commutativity of the diagram (*) in the proof of Theorem |2] is 
equivalent to the commutativity of 


M(t ) 



Hence (adj oadj ) M(r) = A(-v,v,w 0 )(t) = n „ G i ?+ ( T + P %^) = s ( r )- 


□ 


6 . Calculation of A 

Theorem 3. For A G 1)* set d(A) := 1 if (A,a v ) < 0 and a(X) := 0 if 
(A,o v ) > 0. Let v,n G P be integral weights and x G W. Then there exists 
a constant c G k x , independent ofr,v,n and x, such that 

tt (r, a v ) Q ^(r+ ^, a v ) a(/x) (r+ ^ + ^,a v ) a ^ + ^ 

^ (r, a v ) Q ( 1/ +/ 1 ) (r + u, + v + //, a v )“^) 

aGfl ' 

with xa£R— 

Proof. Postponed. □ 
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For an integral weight v E P define the map 8 U E 'P(f)*) as in Section |3^ by 
$u(t) ■■= II ((r + p,a v ) -n a ) . 

a£R+ 0 <n a <—{i/,a v ) 

Lemma 11. Let i r(r) 6 e the product on the right hand side of the equation 
in Theorem [||. Then 

, , s . + )(x -t) 

7t(t + p) = ±-—7-77—T-7-777-77. 

o X v(x ■ T)d Xfl {x ■ (r + v))6 v+ijl (t) 

Proof. Let x E W be fixed and let a E R + be a positive root. We then have 
in 5 u (t) the factor Oo<n<-(va v )(( T + p , a v ) — n). Suppose now that xa is 
also a positive root. Then we obtain in 8 xv {x ■ t) the factor 

J | ({x ■ T T P, xa v ) - n) = JJ ((x(r + p), xa v ) - n) 

0 <n<—{xv,xa v ) 0 <n< — (iy,a v ) 

= II ((r + p,a v ) -n) 

0<n< — (v,ct v ) 

and hence in the quotient S v (t) / 6 xu (x ■ t) all the products over a E R + with 
xa E R + cancel out. Let now a E R + such that xa 7?+, i.e. — xa is a 
positive root. In this case we have in 8 xv (x ■ r) the factor 

0 ({x-t + p,-xa v ) - n) = (— (t + p, a v ) — n) 

0 <n<—(xu,—xa w ) 0 <n<(is,a v ) 

= (_!)(!/,« v ) JJ (( T + p >a v^ + n ) 


0 <n<(i/,a v ) 


and taken together we get 


&v { T ) _ TT / . Wi/,a v ) no<n a <-(i/,Q v )(( r + Pi ° V ) n “) 
Yt.A _ 11 1 i ' ) n . (tn- -i- n n/V\ J-nA 


• r) 


with xa(zR— 


no<n a <(v.aV > ((r + p,a v ) + n a ) 


Considering then the different cases according to whether (u, a v ), (p, a v ) 
and (v + p,a v ) are positive or negative, we obtain the closed formula 

8u{t)8^{t + v)5 x{u+ll) {x ■ t) = 

8 xv {x ■ r)5 Xi j{x • (r + u))8 u+ ^(t) £ ^ T P ’ 

where e := J1 (—i)(“W< v >“ v )+“(/ 1 )(/ 1 > aV >-“( w +/ i K/ i + v >“ v )) = j-i. □ 

a 6 S+ 
mit xai£.R— 


Now, let r E I)* be a generic weight and recall (see L3) the map Nat x (r) := 
Nat(/i, v\ x)(r) : 

Hom^ (x(r)) ^ (T;+; +/i o 77 +", T 7 +I/+ +) 

Honig (T7+7 + +T7+"M(x • r),Tf +u+fJ 'M(x ■ r)) 

Homg (M(x • (r + i/ + fj,)),M(x ■ (r + ^ + //))) 
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Denote the pre-image of 1 € A; under this isomorphism by the natural trans¬ 
formation G x (r) := (Nat x (r)) _1 (l) G Rom M(x{T)) ^{T^ + > x oTf+ 1 ',Tf +v+lx ). 

Lemma 12. For generic r G f)* we have G e (r ) = A(^r, v, x)(t)G x {t). 

Proof. By definition, A (fa, i/; x)(r) = Nat x (r) o (Nat e (r)) _1 (l) and therefore 
G e (r) = (Nat x (T)) _1 oNat x (r) o (Nat e (r)) _1 (l) 

= (Nat x (r)) _1 (A(/r, z/; x)(r)) 

= A(n, v] x)(r)(Nat a; (r))” 1 (l) 

= A(h,v,x)G x (t). 

□ 

Let now integral weights v\,... , is n be given such that Ym =i v i = 0- We set 
the translation functor T(yf) := when there is no ambiguity of 

the respective categories. For A G P an integral weight and r generic there 
are isomorphisms (see PD F xA (x • t) : M(x • (r + A)) Tf +x M(x ■ r), 
such that (F xX (x-t))(v x . t ) = pr x ( T+A )(xe A 0u x . T ). Here, e A G E( A) a is ahxed 
chosen extremal weight vector. Since Y^i=\ u i = we can compose these 
isomorphisms to obtain an isomorphism M(x • r) = T{y n ) • • • T{y\)M{x ■ r) 
and thus also 

Honig (M(x • r), M(x • r)) Honig (M(x • r),T(v n ) ■ ■ ■ T{v\)M{x ■ r)) 

^ Hom fc (it(n ~),E(i/ n ) 0 • • • 0 E{v\) 0 il(n - )), 

where we have identified the Verrna module M(x • t) with ll(n _ ). Call now 
the image of the identity on M(x ■ r) under this map h x (vi ,... , v n ){r) and 
let U C f)* be the set of all generic weights. We then obtain for all x G VV a 
function 

h x (ui,... , v n ) : ZY —>■ Honifc (il(n~), E(v n ) 0 ■ ■ ■ 0 E(y\) 0 il(n - )) 

r !-»• h x (vi,... ,Z2„)(t), 

such that h x (v\,... ,v n ){r) maps the element v x . T G M(x • r) = il(n _ ) to 
the element pr x(r+I/1+ ... +i/n) (xe J/n <g) (• • • 0pr x(r+I/l) (xe ; , 1 ®v x . T )) ■■■) for fixed 
vectors e Vi G E{vi) Ui . 

Lemma 13. Setd x (v i,... ,v n ){r) := 5 X1/I (x ■ r)<5 Xi , 2 (x • (r + i/i))---(5 xl/n (x- 
(r + z^i + • • --t-rVi-i))- F/ien f/ie map d x {y i,... ,v n )h x {y\,... ,is n ) is algebraic 
on U and there exists an algebraic extension on fj* whose set of zeros has 
codimension > 2. 

Remark. Here, we call a map a : U —> W to a vector space W algebraic , if it 
is a morphism of varieties. Of course, this is defined only if dim W < oo. In 
our case however, the image of h x {y i,... , v n ) is always contained in a finite 
dimensional subspace of Horn*, (il(n _ ), E(y) 0 • • • 0 E(y\) 0il(n - )) and we 
may thus regard h x (u \,... , v n ) as a map between varieties. 

Proof. Let u G P be an integral weight and recall the maps 

f„: fj* —> E(y) 0 M(t) =* E(y) 0 il(n~) 
pr x ( T +„)(e„0u T ) 


T 
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Let now x G VV be fixed. For generic t define then the map a x [r) by 

a x {r): M(x ■ t) = il(n~) —♦ E{y) 0 M(x • r) “ E{v) <g> il(n") 
v x -r •-> <5x1/• r)f xv {x ■ t) 

where f xv (x ■ r) = pr^^Axey ® u x . r ). Since /„ is algebraic on ZY (see 
Theorem |l]) , we obtain in this way also an algebraic map 

a x : ZY —» Horn/. (il(n“), E{v) ® il(n - )) 
r a*(r) 

Here again, the image of a x is contained in a finite dimensional subspace of 
Homfc (il(n“), and we regard a x in this way as a map between 

varieties. 

According to Theorem || there is an algebraic extension of 5 u f u on 1)*, which 
vanishes only on a set of codimension > 2. Therefore, also a x has such an 
algebraic extension and we call it again a x . For generic r we then have 
(a x (r))(v x . T ) = 5 xv {x ■ t) pr x( - T+i ,) (xe v ® v x . T ). Note that for all r G f)* 
the vector ( a x {r)){v x . T ) G E(v) (g> M(x • r) generates a Verma module with 
highest weight x • (r + u). The image of a^(r) is thus always contained in 
a Verma module M(x ■ (r + u)) C E(v) ® M(x ■ r) and we can identify the 
element ( cl x (t))(v x . t ) with the canonical generator Uj. (t+i/) g M(x- (t + i/)). 
Using the isomorphism M(x ■ (r + u)) = if(n~), we may then apply the map 
a*,(r + u) for another weight i/ G P. In particular, we can concatenate the 
maps a x n (r + v\ + • • • + v n ~ i) o • • • o a * 2 (r + ui) o a x x (r) and obtain in this 
way an algebraic map 

a: f)* —> Horn*, (ll(n~~), E(i/ n ) <g> ■ ■ ■ E(u\) <g>il(n - )) 

r ^ a l n ( T + u H-h v n -\) o ■ ■ ■ o a x 2 (t + v{) o (r) 

which vanishes only on a set of codimension > 2 and which maps a generic 

weight r to a(r) = <5 XI/1 (x • t)5 XU2 (x • (r + ui)) • • • 8 XVn (x • (r + ui H-u n _i)) 

h x (u i,... , u n )(r) = d x (v i,... , v n )(r)h x {v \,... , v n ){r). We thus obtain the 
map a as the desired algebraic extension. □ 


According to the Theorem of Bernstein-Gelfand we may interpret for generic 
r the maps h x {v i,... ,u n ){r) G Homg (M(x • r), T{v n ) ■ ■ ■ T(v\)M(x • r)) 
= Hom^w^u (Id, T{y n ) ■ ■ ■ T{y{yj as natural transformations of functors. 
Set now 


hi ■= h x {v + /x, -/x, -v){t) G Hom_ M(x ( T ) ) ^ (Id, T(-v)T(~n)T{y + /x)), 
h 2 ■= h x {-v,v)(T + v) G Hom A< ( x ( T+J/) )_ > (Id, T(v)T{-u )), 

h 3 := h x (-n, h){t + v + fi) G Hom_ M(x(r+v+M)) ^ (Id, T(/x)T(-/z)) 
and consider the natural transformations 

T(/x)2» T(i/ + /x) 


T(ji)T(u)hi 


( H )- 1 


r(^)THT(-u)T(-/x)T(u + Ai ) ( - ™ fe2) ~ - 1 > T( M )T(- M )T(zx + M ) 

The diagram commutes, since o (T(^x)/x 2 ) _1 o T(n)T{y)hi as well as 

G x (t ) imply the identity on M(x ■ (r + z/ + /u)) under the isomorphism 
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Hom M(x(r) )^ (T(p) O T(zx), T{y + p)) 

^ Hom 0 (T(p)T(zx)M(x ■ r), T(zx + p)M(x ■ r)) 
Hom 0 (M(x ■ (t + v + p)),M(x ■ (r + zx + p))). 


Lemma 14. Set D x (r) \= 5 x (^ + ^(x ■ t)/ 6 xu {x ■ t)5 x ^{x ■ {r + v)). Then the 
map D X G X is algebraic on IA and there exists an algebraic extension on fj* 
whose set of zeros has codimension > 2 . 


Proof. Since the maps d x (u i,... , u n )h x (u i,... , v n ) have such algebraic ex¬ 
tensions (Lemma 13), the commutativity of the above diagram implies that 
also D X G X has such an algebraic extension, where 


D x [t ) = d x (v + p, -/x, -v)(r)d x (—v, zx)(r + u)d x {—p, p)(r + v + p) 
= 6 x {y + ^){x ■ t)/5 xv (x ■ t)5 x/1 (x • (t + z/)). 


□ 


Finally, we come to the 


Proof of Theorem [|. By Lemma [Tl] it suffices to show that A(p, zx; x)(t) = 
c 7 r(r + p) for a non-vanishing constant c. Note, that (D x /D e )(r) = 
±7 t(t + p). We deduce from Lemma 12 that for generic weights D x D e G e = 
A(p, v] x)D e D x G x . Since D e G e as well as D X G X have algebraic extensions 
on fj* which vanish only on a set of codimension > 2 (Lemma |IJ), it follows 
that there is a constant c G k x , independent of r, /x, zx and x, such that 

c A(/x, zx; x)(r) = ( D x /D e ){r) = ±tt(t + p). 


□ 


7. Outlook 

7.1. Identities. There are many nice identities for the triangle functions. 
Obvious are the 

Normalization identities. 

A(p,zx;e) = 1 A(0,zx;x) = 1 A(zx, 0;x) = 1 

By means of Theorem or directly with the definition of A one then checks 
for zx, /x, rj G P and x, y G VV : 

Decomposition identity. A (77 + p, zx; x)(r) A(p, p; x)(r + zx) = A(p, p + 
zx;x)(r) A(p,zx;x)(r) 

Rotation identity. A(yp, yzx; x)(y • r) = (A(p, zx; ^(r ))' 1 A(p,zx;xy)(r) 

Flat triangle identity. Let zx, p € P 6 e in t/ze closure of a Weyl chamber. 
Then A(p, zx; x) = 1 /or all x G W. 
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7.2. Generalizations. 


7.2.1. The Weyl group parameter. Let u, y £ P and x,y € W. Instead of 
applying the translation functors to the Verma modules M(r ) and M(x ■ r), 
we may choose the Verma modules M(x • r ) and M (y ■ r ). We then define 
a generalized triangle function A g by 

A g (//, v] y, x)(r) := det ( yx~ l o nat(/i, u; x)(r) o (nat(y, u; y)(r)) _1 ) . 

We now have A g (y, u; e, x)(r) = A(y, u; x)(r) and going back to the defini¬ 
tion of A g we deduce the identities 

(H) A g (//,iz;y,x)(r) = (A(y, z/; 2 /)(t)) _1 A(y,u;x)(r) 

(12) A g (//, u; y, x)(r) = (A g (/r, u; x, y)(r))“ 1 

and 

(13) A g (y, zz; y, x) A g (y, u; x, z) = A g (y, u; y, 2 ). 

The equivalent statement to the Rotation identity is obtained by comparing 
(II) with 

(!4) A g (n, 1 /; y, x)(r) = A(yy, yu; xy _1 )(y • r). 


7.2.2. Number of translations. The triangle functions measure in a subtle 
way the relation between the two translation functors T^t” +fl o Tf +V and 
Tr +,y+/i . Therefore the triangle 




i'+m 

Let now integral weights u 1 ,... , and yi,... , £ P be given such that 

SILi = Sy=i ^ =: Call then the translation functor 

T{vi) : X°°(x(t + ^i 4-b z^-i)) —> M°° (x(r + 1/1 4-b u;)) 

M pr x(T+1/1+ ... +I/ . ) (£(i/,)®M) 


and define similarly the translation functor T(//j). We now want to compare 
the functors T(v n ) o ■ ■ ■ o T(zq) and T(y m ) o ■ ■ ■ o T(yi) with each other and 
instead of a triangle of translations we thus have now the following situation: 




■t -by 



We start by defining a map nat(y m ,... ,/a 1 ; z/„,... , zq; x)(r) for x £ W and 
generic weight r analogously to the definition of nat(y, u;x)(r) (see page 


14) as the composition 
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Hom_A4( x ( T ))^. ( T(p m ) o • ■ ■ o T(pi),T(v n ) o • • • o T(u{j) 

Honig (T(p m ) ■ ■ ■ T(n\)M(x ■ r),T(u n ) • ■■T{u 1 )M{x ■ r)) 

Honig ( E Mm <8) • • • E fll ^M{x ■ {t +p)),E Vri ® ■ ■ ■ E Vl ®M(x ■ (t + p))) 
Kl ®E Vn ®---®E v 1 

Here, we wrote E^ for E(p) Xfl . We then obtain a generalized triangle func¬ 
tion O by 

0(Mm, • • • AtiJZ'n, ■ • • z'ljaOCr) := det (aT 1 o nat(/i m ,... ppu n , ■ ■ ■ vr,x)(r) 

o (nat (p m ,...ppu n ,... up e)(r)) _1 ). 

Obviously we have 0(/i, z/; z/ + p; x) = A(/r, z/: x) as well as 

0 (p m ,... ,p\ ;v n ,... ,upx)(r) = ( 0 (u n ,... ,vpp m ,... , pp x)(r)) _1 

and we can reduce the calculation of O to the calculation of A by means of 
the 

Split identities. 

( 1 ) 0(1/3, v 2 , upUZ + U2 + up x){t ) = A(z/ 2 , up x)(t)A(i/ 3 , Ui + z/ 2 ; x)(t) 

= A (z/ 2 + z/ 3 ,z/i;x)(t)A(z/ 3 ,z/2;;c)(t + *o) 

(2) 0(^2,^i;^2,^i;x)(r) = A(^2,/ii;a;)(T)(A(z/2,i/i;x)(T)) 1 


The first identity just means that we can split 



V1+V2+V3 


into 


triangles according to 



This is just the Decomposition identity in 7.1 


The second equation de- 



Inductively, we may thus first split up our situation into 
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In formulae : 

o (nm, • • ■ mi ; u n ,... ui; x)(t) = o{nm, ■ ■ ■ mi ;p; aOCr) o(m; • ^1; x)(r) 

= P] x){T)(0(v n ,... P] x){t)) 1 

and in order to calculate the O-functions it suffices thus to know them in the 
special case ... , mi; i M j'i x )• This situation can then be reduced 

to triangles by decomposing it into 


f-^m — 1 



Inductively one can then prove 

Proposition. Let mi, • • • ,Mm € P be integral weights and x 6 W. Then 

m 

0(p m ,... , Mi; E”Li Mj! x)(t) = [J A(Mfc, Eti 1 Mb ®)(t) 

k=2 
m— 1 

= n A (E”U + l«,M t ;x)(r + E,tiV 3 ) 

fc=l 
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